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A new general rule is presented to deﬁne procedures in order to cut a disk or a hemisphere
into an imposed number of equal-area cells. The system has several degrees of freedom
that can be ﬁxed, for instance, by enforcing the cells aspect ratios. Therefore, the cells
can have very comparable forms, i.e. close to the square. This kind of method is effectively
useful because it is not possible to build exact dense uniform distributions of points on the
sphere. However, it will be shown that it is easy to cover the sphere, the hemisphere or
the disk with equal-area cells. This capability makes easy, for instance, the implementation
of stratiﬁed sampling in Monte Carlo methods. Moreover, the use of different azimuthal
projections allows to link problems initially stated either on the hemisphere or within the
circle.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Tessellation, tiling, triangulation and meshing refer to comparable methods used in different ﬁelds of numerical simula-
tion. In computer aided design, complex 3D shapes are divided into meshes of small, easy to analyze, pieces. The tessellation
techniques are also used in computer graphics to manage datasets of polygons and divide them into convenient structures
for rendering. These objects are usually tessellated into triangles, which is referred as triangulation.
A tessellation or tiling of the plane is a collection of plane ﬁgures that ﬁlls the plane with no overlaps and no gaps.
Three important characteristics of the elements of a tessellation are: the regularity, the congruency and the uniformity.
For a formal deﬁnition, we may say that a tessellation is regular if it has regular faces and a regular vertex ﬁgure at each
vertex [1]. There are then three possible ways of ﬁlling the plane with equal regular polygons, using equilateral triangles,
squares and hexagons.
However, there are only ﬁve exact solutions for the division of the sphere surface into regular spherical polygons (a spher-
ical polygon is a ﬁgure of the sphere limited by great circles). Building polyhedrons with the vertices and the chords of these
spherical polygons yields to the ﬁve regular polyhedrons of Platon. Consequently, to approximate the sphere into a regular
polyhedron, the only possibilities are the tetrahedron, the cube (hexahedron), the octahedron, the dodecahedron and the
icosahedron.
The congruency is fundamental in applications like ﬁnite element analyses. A triangulation is congruent (or conformal)
if the intersection of any two elements is either: the empty set, a vertex, an edge or a face (in 3D). This property alleviates
the process of interpolation of point-wise data and naturally leads to Delaunay mesh generation [2].
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same area and the same non-distorted shape. Sometimes, it is convenient to use rigorously equal-area elements, allowing
them in this case to have the same weight [3].
The initial efforts devoted to the sphere representation were related to the Discrete Global Grid Systems (DGGS) in use
nowadays [4,5]. There are two major methods for tessellating the sphere: one is based on the Platon’s polyhedrons and the
second, on the familiar latitude/longitude graticule.
In the ﬁrst group, a number of researchers have been inspired directly or indirectly by R. Buckminster Fuller’s work in
discretizing the sphere that led to his development of the geodesic dome, and for this reason we refer to this class of DGGS’s
as Geodesic DGGS’s [6,7]. To represent the Earth’s surface, a similar technique based on the icosahedron became known as
the Icosahedron Snyder Equal Area aperture 3 Hexagonal (ISEA3H) grid [8].
In the second group of methods, the partition of the sphere is based on quadrilaterals limited by constant latitude and
longitude lines [9,10]. For instance, the stimulation comes from the high precision prospection of the cosmic microwave sky
from the Wilkinson Microwave Anisotropy Probe (WMAP) and Planck satellites. Crittenden [11] deﬁnes an igloo pixelization
which is very similar to one of the variants of the present study. In his method, the hemisphere is divided into rows with
edges of constant latitude and where each row is divided into identical pixels by lines of constant longitude. The pixels are
roughly trapezoidal shaped, becoming nearly rectangular away from the poles. A similar method is also proposed by Bjørke
et al. [12]. Again for the hemisphere, Tregenza [13] presented a rather intuitive method in order to develop sky scanners for
analyzing the sky luminance.
Coming back to the disk, the radar PPI-scope is by far the most used radar display. It is a polar coordinate display of the
area surrounding the radar platform. To be easily handled, it needs a subdivision of the disk in equal areas. A method was
proposed by Gringorten and Yepez [14], it is another variant of the present method.
The outline of the paper is the following. In a ﬁrst step, it is demonstrated that two simple formulas allow handling
the requirements of uniformity: equal areas and comparable shapes. From these formulas it is possible to develop exact
solutions for the disk with speciﬁc cells aspects ratios (Sections 1 to 5).
In a second step, it is shown that with a slight relaxation of the constraint on the aspect ratio, it is possible to deﬁne
a wide range of conﬁgurations and to impose the total number of cells (Sections 6 to 8). In these conditions, by using
the methods of azimuthal projections, the extension of the proposed procedure to the hemisphere or to the sphere is
straightforward (Section 9).
2. Partition of the disk
In order to solve tessellation problems for the sphere or the hemisphere, it is appropriate to start with the partition of a
disk into equal-area cells. Throughout the azimuthal equivalent projections (or equal-area projections), the solution will be
directly applicable to the hemisphere partition.
In order to preserve an easy transformation between cells lying inside a circle and cells on the hemisphere, it is practical
to keep the shape of the boundary curves of these cells as simple as possible. For this reason, these curves are restricted to
straight lines and circles arcs. Therefore, the separation lines of the cells are circles and radii in the azimuthal projections;
they are meridians and small circles (parallel to the base) on the hemisphere.
To subdivide a disk, an obvious method consists in cutting it into sectors (see the usual pie diagram). However, when the
number of pieces becomes important, the sectors are very thin. To limit their bad aspect ratio, it is possible to imagine a
partition of each sector in equal-area cells. This method leads naturally to the congruent meshes analyzed below [15].
3. Calculation of the cells
If the congruency is not mandatory, the following method can be adopted: the disk is divided in N circular rings. After
the introduction of the ring i with external radius ri and internal one ri−1, the number of cells inside the external circle is
equal to ki . The ring i is then deﬁned by an equation expressing that two consecutive circles involve cells with the same
area Scell .
ki−1 Scell = πr2i−1
ki Scell = πr2i
then:
(
ri
ri−1
)2
= ki
ki−1
(1)
In this equation, the internal or the external radius of the ring is computed, given the other radius and the two param-
eters giving the numbers of cells in the internal and in the external circles. The central region is a disk that includes k0
(integer greater than zero) cells and whose radius r0 is greater than zero. When going outwards, by adding a ring, it is
necessary to respect the condition ki > ki−1. When going inwards, by removing a ring, the conditions are: ki  ki−1 and
ki > 0. See Fig. 1.
Following this rule allows adding at each step any number of cells. In the opposite process, the maximum number of
cells that may be removed is ki−1.
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4. Shapes control
With the previous formula, the cells areas are perfectly controlled, but their shapes are implicitly driven by the number
of added (or removed) cells in the ring i. The problem is now: how to control their shapes?
The simplest way to characterize the shape of a quadrangular cell limited by two concentric circles and two radii is to
introduce the idea of aspect ratio. For a rectangle, it is the height to width ratio. For a ring segment, we deﬁne it as the
ratio between its mean circumferential dimension (mean radius multiplied by the angular aperture of the ring segment)
and its radial dimension (difference between the external and internal radii). The aspect ratio of a ring segment can also be
obtained by calculating the ratio of its area by the square of the difference of the radii. Due to the constant area constraint,
all the aspects ratios of the segments pertaining to the same ring are identical.
ai = 2π
ki − ki−1
ri + ri−1
2
1
ri − ri−1 =
π
ki − ki−1
r2i − r2i−1
(ri − ri−1)2 (2)
By (1), it is possible to eliminate the radii and to express the aspect ratio as a function of the numbers of cells inside
two consecutives circles.
ai = π
(ki − ki−1)
√
ki
ki−1 + 1√
ki
ki−1 − 1
= π
(
√
ki −
√
ki−1)2
(3)
This formula provides the partitioning constraint for obtaining cells with imposed aspect ratio in the ring i. The aspect
parameter pi is such that:
pi = π
ai
(4)
For square-like cells, we must have ai = 1 or pi = π . So, the relation (3) becomes:√
ki =
√
ki−1 ± √pi (5)
It gives the number of cells in a new disk according to the aspect parameter and the number of elements in the internal
disk. However, it is necessary to remember that the variables ki are integers. Consequently, in general, the solutions of
Eq. (5) violate slightly the aspect parameter constraint. Using formula (1) and an integer number as close as possible of the
solution of (5) allows computing the new radius. It means that the equal-area condition is fully satisﬁed while the aspect
parameter constraint is approximated.
5. Exact fulﬁlment of the aspect ratio constraint
A careful analysis of Eq. (5) allows identifying sequences of solutions leading always to results that are exact integer
numbers. We call these sequences “exact” solutions. A solution is exact if the integers ki and ki−1 satisfy Eq. (5), with an
imposed aspect parameter pi . There are several possibilities.
Let assume that the parameters pi are the same for all the rings: pi = p and that the numbers of cells inside the
consecutive circles are square numbers
ki = n2i ; i = 1,N (6)
Then, according to (5):
n2 = p + n2 ± 2ni−1√p; i = 2,N (7)i i−1
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Cell distribution for different aspect parameters.
p a = π/p k0 k1 k2 k3 k4 k5 k6 k7 k8 k9
1 3.142 1 4 9 16 25 36 49 64 81 100
4 0.785 1 9 25 49 81 121 169 225 289 361
9 0.349 1 16 49 100 169 256 361 484 625 784
Fig. 2. Conﬁgurations for 9 rings and a central disk: p = 1, k9 = 100; p = 4, k9 = 361 [14]; p = 9, k9 = 784.
Fig. 3. Subdividing the cells of the ﬁrst line of Table 1.
If p is also a square number (p =m2), an exact solution is obtained.
n2i =m2 + n2i−1 ± 2ni−1m = (ni−1 ±m)2; i = 2,N (8)
If p = 1, the number of cells inside the circle i becomes:
ki = (i + 1)2; i = 0,N (9)
If p = 4, the sequence corresponds to the squares of the odd numbers. The aspect ratio is equal to π/4 = 0.785. This
solution exhibits high symmetry [14].
For p = 9, the successive circles contain (1 + 3i)2 cells. To improve the aspect ratios, it is possible to split the cells in
equal areas subcells. See Figs. 2 and 3.
6. Approximate fulﬁlment of the aspect ratio constraint
The other way to solve the problem is to choose for ki the closest integer of the solution of Eq. (5).
ki =
〈
(
√
ki−1 ± √pi )2
〉
integer (10)
The deﬁnition of a ring depends only on the number of cells located in its interior circle (sign + in the relation) or in its
exterior circle (sign − in the relation). Table 2 is giving different possible topologies when assuming that the central circle
contains 1 to 10 equal-area cells and the aspect parameter p is equal to π (aspect ratio equal to 1).
The lines 8 and 10 of Table 2 are identical to the lines 1 and 2 but with a shift of one column. It is due to the nature of
the formula: each ring is deﬁning its successor or its precursor, independently of the size of the circle.
The elements of Table 3 are computed from Table 2 and the formula (3). Because the constraints on the aspect ratio
cannot be satisﬁed exactly, the values of Table 3 are not constant. They differ slightly from one, but discrepancies greater
than ﬁve percents appear only four times (bold characters).
The left part of Fig. 4 shows the conﬁguration corresponding to the ﬁrst line of Table 2. It contains fewer cells than the
similar result in the second line of Table 1: 288 instead of 361. Amongst the nine rings conﬁgurations, it is the solution that
exhibits fewer cells.
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Topologies corresponding to an aspect parameter p = π .
k0 k1 k2 k3 k4 k5 k6 k7 k8 k9
1 8 21 40 66 98 136 180 231 288
2 10 24 45 72 105 144 190 242 300
3 12 27 49 77 111 151 198 251 310
4 14 30 53 82 117 158 206 260 320
5 16 33 57 87 123 165 214 269 330
6 18 36 60 91 128 171 220 276 338
7 20 39 64 96 134 178 228 285 348
8 21 40 66 98 136 180 231 288 351
9 23 43 69 102 141 186 237 295 359
10 24 45 72 105 144 190 242 300 365
Table 3
Computed aspect ratios for the constraint p = π .
k0 a1 a2 a3 a4 a5 a6 a7 a8 a9
1 0.94 1.02 1.04 0.97 1.00 1.01 1.02 0.99 1.00
2 1.03 1.04 0.96 0.99 1.01 1.02 0.99 1.00 1.01
3 1.05 1.05 0.97 1.00 1.01 1.02 0.99 1.00 1.01
4 1.04 1.04 0.97 1.00 1.01 1.02 0.99 1.00 1.01
5 1.01 1.03 0.96 0.99 1.01 1.02 0.99 1.00 1.01
6 0.98 1.02 1.03 0.98 1.00 1.01 1.02 0.99 1.00
7 0.94 1.00 1.02 0.97 0.99 1.01 1.02 0.99 1.00
8 1.02 1.04 0.97 1.00 1.01 1.02 0.99 1.00 1.01
9 0.97 1.01 1.03 0.98 1.00 1.01 1.02 0.99 1.00
10 1.04 0.96 0.99 1.01 1.02 0.99 1.00 1.01 0.99
Fig. 4. Relaxed constraint on the aspect parameter (p = π ), left: k9 = 288, right: k9 = 310.
The right side of Fig. 4 corresponds to the third line of Table 2. It is compared to the result of Fig. 3. The circle contains
more cells than the similar result in the left of Fig. 3: 310 instead of 300. However, the cells aspect ratios required to be
equal to unity are very close to one, as seen in the third line of Table 3.
7. Method based on congruent meshes
To respect the condition of congruency, the number of cells must be the same in all the rings and equal to the number
of cells in the central circle.
ki − ki−1 = k0 (11)
It is now easy to compute the numbers ki of elements in the consecutive rings, the radii and, from (3), the aspect ratios.
ki = (i + 1)k0;
(
ri
ri−1
)2
= 1+ i
i
; ai = π(2i + 1+ 2
√
i(i + 1) )
k0
(12)
The main drawback of this conﬁguration is the strong increase of the aspect ratios of the cells in the radial direction.
With k0 = 20, it varies from 0.92 in the ﬁrst ring to 5.96 in the ninth one (Figs. 5 and 6).
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Table 4
Numbers of cells and relative radii k0 = 1000.
10 25 46 73 107 147 193 245 304 369 440 518 602 692 788 891 1000
.1 .16 .21 .27 .33 .38 .44 .5 .55 .61 .66 .72 .78 .83 .89 .94 1.
Fig. 7. Dome, 17 rings, and 1 central circle. Fig. 8. 1000 equal-area cells, p = π .
8. Imposed number of cells and constrained aspect ratio
As seen above, the formula (5) may be used with the mines sign. That allows deﬁning cells inside an initial circle.√
ki =
√
ki−1 − √pi (13)
Then, with a parameter p = π (square cells), it is easy to create a tessellation with an arbitrary number of cells, for
instance exactly 1000 cells. In this case, the solution consists of 16 rings surrounding the central disk (Table 4 and Figs. 7
and 8).
9. Equal-area cells and constant aspect ratio on the hemisphere
The problem of deﬁnition of equal-area cells on the sphere has been analyzed [9] and exploited [10] recently. The aspect
ratio of a spherical patch limited by two meridians and two parallels is obtained by dividing its area Ssphere by the squared
length of the meridians arcs. The indices i and i − 1 or j and j − 1 are used to deﬁne the borders.
ai_sphere = Ssphere
(ϑi−1 − ϑi)2 =
(ϕ j − ϕ j−1)(cosϑi−1 − cosϑi)
(ϑi−1 − ϑi)2 (14)
The situation on the unit hemisphere is now compared to its azimuthal equal-area Lambert projection [16] by expressing
that the area of a spherical cap is equal to the area of its projection.
2π(1− cosϑ) = πr2 (15)
The distance r to the centre of the circular projection is a function of the zenithal angle.
r = 2 sin ϑ (16)
2
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Aspect ratios on the disk and the hemisphere for the cells of Fig. 9 (right).
Hemisphere: constraint: asphere = 1
ki , i = 0,10 1 9 22 41 65 94 128 165 205 246 288
adisk – 0.79 1.10 1.07 1.14 1.18 1.20 1.34 1.45 1.68 1.90
asphere – 0.78 1.07 1.01 1.04 1.02 0.97 1.00 0.98 1.02 1.02
Disk: constraint: adisk = 1
ki , i = 0,9 1 8 21 40 66 98 136 180 231 288
ai – 0.94 1.02 1.04 0.97 1.00 1.01 1.02 0.99 1.00
Fig. 9. 288 cells; left: adisk = 1; right: asphere = 1.
Hence, a point (θ,ϕ) of the hemisphere is projected at (r,ϕ) on the disk and, as computed before (2), the aspect ratio
of a disk cell is:
ai_disk = Sdisk
(ri−1 − ri)2 (17)
Taking into account the equality of the areas of a spherical cell and of its projection, the quotient between the two
aspect ratios becomes:
ai_sphere
ai_disk
= Ssphere
(ϑi−1 − ϑi)2
(ri−1 − ri)2
Sdisk
=
(
ri−1 − ri
ϑi−1 − ϑi
)2
(18)
Using Eq. (3), which deﬁnes the aspect ratio on the disk, the expression becomes:
ai_sphere = π
(
ri − ri−1√
ki −
√
ki−1
1
(ϑi − ϑi−1)
)2
(19)
Using (1) and (16):
ϑi = ϑi−1 − 2
ai_sphere
sin
ϑi−1
2
√
π
ki−1
(20)
After computing the zenithal angle of a new ring, the new radius is deduced from (16) and the number of cells in the
internal circle from (1). For the test of the 288 cells (line 1 of Table 2), the result is given in Fig. 9 (right side). The aspect
ratios of the spherical cells are close to 1 while the disk cells aspect ratios vary from 0.79 to 1.90 (Table 5). See also Figs. 10
and 11.
One of the earliest applications using equal-area and aspect ratio constraints on the hemisphere has been reported by
Tregenza [13]. The goal was the design of sky scanners working with a new sky model. This model was not satisfying
exactly the equal-area condition, but it tried to offer a uniform distribution of cells on the hemisphere. When the proposed
solution of equal-area control is applied to the sequence of cells given by Tregenza, it gives the result shown in Fig. 12 (left).
This construction gives a three-way symmetry overall. This solution is quite better than the Tregenza’s original one which,
as seen in Table 6, exhibits discrepancies in the value of the areas, especially in rings 4 to 6, because, by repeating the last
rings, the ﬁgure gets more symmetry but losses uniformity (Figs. 12–14).
These developments show the capacity of the method to deal with situations encountered in the problems involving the
discretizations of spheres or hemispheres and their azimuthal projections. Fundamentally, the problem to be solved is the
computation of the number of cells in the sequence of rings with some constraints. Here, only constraints on aspect ratios
were introduced.
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Table 6
Comparison of 145 cells solutions.
Cells sequences
Original Tregenza 1 7 19 37 61 85 115 145
Equal areas & asphere = 1 1 8 20 38 60 86 115 145
Zenithal angles (degrees)
Original Tregenza 6. 18. 30. 42. 54. 66. 78. 90.
Equal areas 6.73 17.88 29.66 41.86 54.60 65.56 78.06 90.
Equal areas & asphere = 1 6.73 19.12 30.45 42.44 54.11 66. 78. 90.
Discrepancies of cells areas in the central disk and in the different rings (in % of constant area)
Original Tregenza 79 105 103 99 94 109 96 100
Fig. 12. 145 equal-area cells; left: Tregenza sequence; right: asphere = 1.
Fig. 13. Dome, Tregenza sequence. Fig. 14. Dome, asphere = 1.
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The partitions of the disk and the hemisphere are performed with quadrangular cells whose borders are concentric
circular arcs and radii on the disk, meridians and constant latitude circles on the hemisphere. In this framework, it is
straightforward to map the hemisphere on an azimuthal projection or inversely. Deﬁning all the cells with equal areas
inside a circle, it is simple to add or remove a ring imposing either the number of cells or their aspect ratio. The same
holds for the hemisphere.
According to the presented method, all the schemes proposed in the literature are easily reproduced, but many new orig-
inal solutions are also encountered. This method is providing attractive ﬂexibility and generality for introducing tessellations
on spheres or disks.
A further analysis of the solutions also shows that the transformations between the hemisphere and the disk or vice
versa do not maintain the aspect ratios of the cells. However, this property is introduced without diﬃculty as a constraint
of the construction of the circular or spherical set of equal-area cells.
The most promising applications are related to the Monte Carlo techniques used in global illumination problems. In the
stratiﬁed sampling method, this kind of mesh that does not need to be congruent, but must contain an optimized number
of cells, is well suited to save the performances of the algorithms. Because it is very easy to impose the number of cells
and to control their shape, it is also very convenient to use these meshes for the operations needing to map data between
hemispheres and disks [16].
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